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Abstract: The compatibility of theoretically calculated values for αs(Q), through the
renormalization group approach with experimental data is studied. There exists consid-
erable divergence in-between theoretical and experimental results at low energies, which
cannot be explained by thermal field theory and considering chemical potential. Such
great deviation can be treated successfully by considering the q-generalized statistical ef-
fects through adding a q-nonextensive parameter in the fitting of theoretical results on the
experimental data.
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1 Introduction
Fundamental parameters of quantum chromodynamics (QCD) theory are the strong cou-
pling gs (or αs =
g2s
4pi ), quark masses mq and some additional degrees of freedom (like
CP-violating terms). The strong coupling αs is one of the three fundamental coupling con-
stants of the standard model (SM) of particle physics, which is related to the colour part
(SU(3)C ) of the SM gauge symmetry. While αs is called a constant, the strength of strong
coupling (actually all couplings of the SM) is a function of the energy scale (or momentum
transfer) Q2 of particular process under consideration. The important property of the QCD
which is known as asymptotic freedom, originates from this fact that αs(Q
2) decreases by
increasing the transfered energy Q2. Measuring (or accurately calculating) the strong cou-
pling in both high and low energy scales, provides us important knowledge about the nature
of strong force as a fundamental interaction. On the other hand, at low energies running
coupling constant plays an important role in the binding of quarks and gluons together
into nucleons. It is obvious that, we need the most accurate value of the αs(Q
2) at each
quantity of transferred energy that involves the strong interaction to compare theoretically
predicted results with experimental outcomes [1, 2].
Considering ultraviolet divergences due to loop diagrams in Feynman graphs leads to
the renormalised (running) coupling constant αs, as a function of the renormalization scale
µ20. If we choose µ
2
0 around the scale of the momentum transfer Q
2 in a desired strong
process, then αs(Q
2) can be considered as the effective strength of the strong interaction
at that process. If αs(µ
2
0) at scale µ
2
0 cannot be determined, we can calculate it using a
renormalization group differential equation containing several functions at different orders
of µ20. Thus, its solution contains an extra constant of integration, which should be fixed
from experimental data. The constant of integration is mostly fixed in the energy scale
of Q2 ≈ M2Z , in which MZ is the mass of Z boson. All needed calculations can be done
using quantum field theory (QFT) at zero temperature as well as QFT at finite temperature
[3]. There are many works on solving this equation with different orders of renormalization
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functions at zero and non-zero temperatures. When we speak about non-zero QFT, we must
consider a thermodynamically described system in equilibrium or out of its equilibrium
state indeed. Application of thermodynamics approach to explain some features of QCD
interactions is not new [4, 5]. Thermodynamical model for proton spin [4] and parton
distribution functions (PDFs) are bright examples of such investigations [6], beside its
applications to explain other features of QCD interactions [7, 8]. A well-known application
of thermodynamics is using the Fermi-Dirac distribution for quark and antiquark partons
and Bose-Einstein distribution for gluons in nucleons. It results a fair description for the
x-dependence of PDFs [6].
In recent years several research works have been done based on the Tsallis’ formalism [9–
11]. Some deviations of theoretical predictions based on Maxwell-Boltzmann distributions,
from experimental data can also be treated by considering long range interactions which
leads to Tsallis non-extensive statistical model. Investigations show that nonextensivity
is considerable when long range interactions and non-perturbative effects are taken into
account. As an example in high energy physics applications, it is shown that considering
nonextensivity can successfully explain experimental distribution of transverse momentum
of hadrons with respect to the jet axis (pT ) in e
+e− → hadrons reaction [12]. The effects
of nonperturbative long range interactions in p − p collision has also been studied using
the LHC experimental data [13, 14]. The results of applying Tsallis statistics generally
improves predicted properties of hadronic systems in most of the cases [15, 16]. In some
studies the non-extensive generalization has been applied to investigate the q-generalized
Bose-Einstein and Fermi-Dirac distributions of many particle systems [17–20]. Motivated
by above studies, we investigate the effects of considering non-extensive statistics on the
prediction of running coupling of strong interaction αs(Q
2), especially at small values of
Q2, where theoretical calculations are drastically far from the experimental data.
The outlines of this paper are as follows: in section 2 we briefly describe the properties
of the strong running coupling constant and present the results in two different scenarios: in
subsection 2.1 the behaviour of αs is studied in the standard perturbative QCD framework
while its properties in the thermal perturbative QCD is probed in the subsection 2.2. We
investigate the role of q-generalized non-extensive statistical effects on the properties of
αs in section 3 and present its results in this section too. We render the conclusions and
remarks in section 4.
2 Running of the QCD coupling constant
2.1 αs in Standard Perturbative QCD
The strength of QCD as a non-Abelian gauge theory of the strong interactions, is evaluated
by the strong coupling αs. Variation of strong coupling respect to the normalization scale
Q is given by the renormalization group equation as follows:
Q2
d
dQ2
as(Q) = βas = −
N∑
i=0
βia
i+2
s (2.1)
– 2 –
where as =
αs
pi
, N is the number of loops involved in the calculation and Q is the normaliza-
tion scale of renormalization group approach[21, 22]. At the order of N = 0, the equation
(2.1) has an exact solution:
as(Q) =
1
1
as(µ0)
+ 2β0 ln
(
Q
µ0
) (2.2)
where as(µ0) is the strong coupling in the normalization scale µ0, β0 =
1
4
(
11− 23nf
)
and
nf is the number of active flavours in the energy scale [23]. As maintained before, µ0 is
taken generally as µ0 = MZ while MZ is the Z boson mass. The world average value for
this parameter is αs(µ0) = pias(µ0) = 0.1181 ± 0.0011 as reported in the Ref. [24]. By
calculating the higher order QCD corrections, the perturbative coefficients of functions βi
have been obtained at different loop levels [25–28]. From our best of knowledge, the QCD
β-functions have been calculated for up to five-loops, using the zero temperature QFT [23].
β-functions for the four-loop calculations are also available [29] and they are in agreement
with each other. We have generate the theortical values of αs(Q), at one-, three- four- and
five-loop calculations. Figure 1 presents one-loop, three-loop and five-loop running coupling
as well as available experimental data. For energies below Q = 3GeV active quark flavours
has been taken as nf = 3. For 3GeV ≤ Q ≤ 10GeV , we set nf = 4 and for Q > 10GeV
number of active quarks has been set as nf = 5. Experimental data have been collected
from the CMS [30–34], D0 [35, 36] and ATLAS [37] collaborations and particle data group
report [38]. The most important data in our calculations are strong coupling at low energies
which are collected from the H1 collaboration [39, 40].
We have calculated the variance as:
χ2 =
∑
i
(
αThs − αExs
δ
)2
(2.3)
where αThs , α
Ex
s and δ are "calculated value", "experimental value" and the "total error
of measuring αs(Q)", respectively. Indeed, we use above definition for χ
2 just for compar-
ing results of different calculations. The variance χ2 for one-loop calculation is obtained
χ2 = 54.337 and in three-loop approximation it is χ2 = 24.299, while for the five-loop cal-
culations it becomes χ2 = 23.782. Comparing the values of χ2 at one-, three- and five-loop
approximations shows that we would not expect to find magic results at more-loop approx-
imations. The results of our calculations are in agreement with similar published outcomes.
For example one can compare figure 1 with figure 12 of Ref. [41]. Figure 1 clearly indicates
that, QCD calculations for running of the strong coupling need some treatments especially
at low energies.
2.2 αs in Thermal Perturbative QCD
When we study the particle distribution function, we cannot ignore thermodynamics based
on a kind of statistical kinetic theory. Such model can be constructed by regarding the
resummation on individual characteristics of particles under consideration. Formal field
theory is constructed for the systems in equilibrium states at zero temperature. Indeed, by
– 3 –
Figure 1. Running of the strong coupling calculated by one-, three- and five-loop renormalization using
QFT at zero temperature.
replacing the vacuum expectation values with quantum statistic expectation values, field
theory for finite temperature is obtained [42, 43]. Actually, We expect that the thermal
field theory provides more realistic results for the dynamics of the QCD interactions. Using
results of thermal field theory, we can include effects of chemical potential as well as tem-
perature considerations into our calculation. It is clear that, such effects are considerable in
low energies, where purtuarbative and long range effects become important. Fortunately,
two- and three-loop QCD gauge coupling have been calculated in the context of thermal
field theory, but with some approximations [44–46]. The two-loop effective QCD gauge
coupling at the temperature T is calculated as [44]:
g2(T, Λ¯) = T
{
g2(Λ¯) +
g4(Λ¯)
(4pi)2
αE7 +O(g
6)
}
(2.4)
where
αE7 = −β′0 ln
(
Λ¯eγ0
4piT
)
+
1
3
CA −
16
3
TF ln(2) (2.5)
while γ0 is the Euler gamma-constant, CA = Nc, CF =
N2c−1
2Nc
, TF =
Nf
2 (we take Nc =
3, Nf = 3 ) and the normalization scale parameter is denoted by Λ¯. The Λ¯ acts as
normalization scale Q in (2.1). The g(Λ¯) is calculated from the renormalization group
equation:
Λ¯
d
dΛ¯
g2(Λ¯) =
β′0
(4pi)2
g4(Λ¯) +
β′1
(4pi)4
g6(Λ¯) +O(g8) (2.6)
– 4 –
in which
β′0 =
−22CA + 8TF
3
β′1 =
−68C2A + 40CATF + 24CFTF
3
. (2.7)
Simply one can find that β0 in (2.2) is equal to β
′
0 in (2.7). It should be noted that, effective
coupling (2.4) has been presented up to order O(g8) in [44]. Higher orders is needed, if we
consider O(g6T 4) contribution to the pressure of hot QCD which is negligible in this work.
The three-loop running coupling, approximately can be calculated as: [45–47]:
αs(Λ¯) =
pi
b0t
[1− b1
b2
ln t
t
+
b21((ln t)
2 − ln t− 1) + b0b2
b40t
2
−b
3
1((ln t)
3 − 52 (ln t)2 − 2 ln t+ 12) + 3b0b1b2 ln t
b60t
3
] (2.8)
where t = ln Λ¯
2
Λ2
MS
and
b0 =
11CA − 2Nf
12pi
b1 =
17C2A − 5CANf − 2CfNf
24pi2
(2.9)
b2 =
2857C3A +
(
54C2f − 615CfCA − 1415c2A
)
Nf + (66Cf + 79CA)N
2
f
3456pi3
.
where the Λ¯ has been taken (at the rest frame) as follows: [45] :
Λ¯0 = 2pi
√
T 2 + µ2/pi2. (2.10)
It is clear that, in the center of mass frame, we should add the energy Q to the thermal
energy and the chemical potential. The ΛMS can be found with a suitable condition, using
available experimental data. We can set the ΛMS with αs at low energies or typically at the
energy of the MZ . According to [45, 46] we set ΛMS with condition αs(1.5GeV ) = 0.326,
in order to compare our results with outcomes of [44] and [45]. Our result was ΛMS =
337 ± 8MeV in three loop approximation and ΛMS = 240MeV at two loop calculation,
which is a slightly different from what has been reported in [45] as ΛMS = 316MeV for
three loop calculation. Our results are based on different experimental data set, from what
have been used in [45]. It may be noted that, we have collected the newest available data
and also we have considered experimental data at low energies too.
In order to evaluate the strong coupling using the finite temperature approach from
Eqs.(2.4) and (2.8), we need an estimation for the temperature. It is clear that, at low
energies, the effects of temperature in the value of strong coupling are considerable as one
can find from Eq.(2.10). Acceptable estimation of temperature at low energies can be
borrowed from the calculation process of parton distribution functions using the thermody-
namical model for proton [48–50]. Table 1 contains results of fits to ABCLOS and CDHS
– 5 –
Q(GeV ) T (MeV) δT
2.5 55 ± 5
4 58 ± 8
7 54 ± 6
20 51 ± 5
40 51 ± 2
60 51 ± 2
80 47.6 ± 0.5
Table 1. Results of fits to ABCLOS and CDHS data on parton distribution function of proton,
presented in [49].
data on parton distribution function of proton [49]. We have calculated αs(Q) at two-
and three-hard thermal loop perturbation approximation and compared the results with
available experimental data. In the figure 2 we present the results of three-loop evaluation
of running αs(Q) obtained using evolution equation (2.8). Total variance χ
2 for these re-
sults is χ2 = 45.147 which is not better than outcomes of zero temperature. It is because
of using an imprecise value as initial for ΛMS condition at low energies with a very large
uncertainty in comparison with a more accurate value of αs(MZ). In order to find the best
initial condition, we have set up global fits to find the best value of αs(MZ) which gives
lowest value for the χ2 at one-, three- and five-loop formal QFT calculations as well as
three-loop thermal calculation. Table (2) shows results of best values for αs(MZ) which
minimize the χ2 and also related minimum value of χ2 in zero temperature as well as finite
temperature calculation. However, the thermal field theory gives a slightly better value for
the αs(MZ), but considering the χ
2 indicates that differences are not meaningful. Anyway,
according to the contents of the table 2, our global fit of theoretical models on experimental
data clearly show that, both formal QFT and finite temperature QFT (globally) provide
almost same results on all range of experimental data.
Figure 3 demonstrates results of calculated αs using three-loop thermal field theory with
αs(MZ) = 0.11805. Comparing figures 2 and 3 clearly show that, if we adjust theoretical
and experimental values at higher energies, then we lose validity at lower energies and vice
versa. It is found clearly from figures 1, 2 and 3 that running of strong coupling constant
calculated at zero temperature and finite temperature fail to fit on low energy experimental
data, where long range effects of QCD interactions are not negligible. On the other hand,
figures 1-3 show that, we would not expect a great change in the results, by employing
higher orders of perturbative calculations. In the next section we present a non-extensive
treatment for running of the strong coupling based on the thermal field theory.
3 q-Generalized QCD Running Coupling Constant
A thermodynamical model for the nucleon has been constructed by considering the valence
quarks as Fermi-Dirac distributed noninteracting particles which are bounded in a bag of
– 6 –
Order χ2min αs(MZ)
one-loop 46.311 0.11850
three-loop 23.320 0.11800
five-loop 21.850 0.11800
3-loop thermal 27.903 0.11805
Table 2. The best values for αs(MZ) which minimize χ2 in one-, three-, and five-loop zero tem-
perature calculations and three loop thermal field theory.
Figure 2. Running of the strong coupling calculated by three-loop renormalization using thermal QFT
with initial condition αs(1.5GeV ) = 0.326.
confining volume V at a certain temperature T [4, 5]. This model is able to explain some
features of deep inelastic scattering (DIS) with acceptable approximation. The prediction
of parton distribution function is an interesting obtained result by this model, however the
results need some treatments [51]. The Boltzmann-Gibbs formulations cannot explain all
features of a system correctly, if the system contains sources of fluctuations (for example
in its temperature and/or number density ... ) or if there exists long-range correlation
in the dynamical process. It is shown that a modified thermodynamical model based on
the q-generalized Bose-Einstein and Fermi-Dirac systems provide more accurate results
[20, 52]. Within the context of q-generalized statistical models, the effective coupling for a
– 7 –
Figure 3. The result of three-loop thermal field theory for running coupling αs with best value for
minimizing the χ2 as αs(MZ) = 0.11805.
non-extensive system in the rest frame, approximately is presented as following [20]:
αs(T, Λ¯, q) = αs(T, Λ¯)
[
1 + (q − 1)
2Nc
pi2
ζ(3)− 2Nf
pi2
Polylog [3,−1]
Nc
3 +
Nf
6 +
Λ¯2Nf
2pi2T 2
]
(3.1)
where q is nonextensive parameter, ζ(n) is the Riemann zeta function and Polylog [n,−1] =∑
∞
k=1
(−1)k
kn
. This equation changes the running of coupling, especially in low values of Q,
where chemical potential and thermal energy is noticeable. One can find a suitable value for
the nonextensive parameter q to fit experimental data on theoretical model. As variation
of temperature (in comparison with statistical error) is not significant (please see the table
1), we took fixed value for temperature as T = 51MeV . Running of gauge coupling at
two-loop approximation of thermal QCD (2.4) can be written as αs(T, Λ¯) = Tαs(Λ¯). Thus
we can easily use equation (2.4) in (3.1) to calculate q non-extensive treatment of the gauge
coupling. Figure 4 demonstrates results of q-nonextensive fit of two-loop thermal calculation
on experimental data. Minimum uncertainty for q-nonextensive fit is χ2 = 12.24 which
obtains with q = 1.2412. Reduction of deviation from experimental data at low energies in
a q-nonextensive regime is a very interesting outcome.
Calculation of q non-extensive gauge coupling in three-loop formulation is more compli-
cated as it appears as αs(Λ¯). Contributions of thermal energy and chemical potential have
been mixed in Λ¯, where in the rest frame it is identified by (2.10). In the centre of mass
frame, we must add Q to this quantity. Fortunately, thermal energy is very smaller than
– 8 –
Figure 4. The result of αs calculated using two-loop thermal field theory and results of q-nonextensive
fit based on two-loop thermal field calculation on experimental data.
chemical potential (and also Q in the centre of mass frame). Thus, as an excess approxi-
mation, we have used a constant temperature in our calculations. Figure 5 shows results
of numerical optimization over the q value, which is obtained with q = 1.3181. Maximum
error in this calculation is χ2 = 11.93 which is not very better than results of the two-loop
thermal approximation.
4 Conclusions and remarks
One-, three- and five-loop of the QCD coupling constant αs(Q) at zero temperature, as well
as two- and three-hard thermal loop perturbation, have been calculated and results have
been compared with available experimental data. There exists an appropriate agreement
between theory and experiment at high Q’s. But at low energies, both five-loop zero tem-
perature and three-loop finite temperature (as best approximations) cannot predict correct
values for αs(Q). This means that considering temperature and chemical potential at low
energies cannot fully compensate the deviation from experimental data at zero temperature
calculations. We have applied the q-nonextensive treatment of running coupling on two-
and three-loop perturbation in field theory at finite temperature. Our results show that,
calculated values of strong coupling in a non-extensive regime at finite temperature can
successfully generate experimental data by q = 1.2412 (with χ2 = 12.24) at two-loop ther-
mal QCD approximation. The non-extensive parameter for the three-loop approximation
– 9 –
Figure 5. Calculated αs using three-loop thermal field theory, q-nonextensive treated values and experi-
mental data.
is q = 1.3181 with a total variance χ2 = 11.93. Obtained non-extensive values clearly show
a considerable deviation from standard Maxwellian statistics.
Therefore we can conclude that, nonextensivity is a very important issue at least for
low energy values of αs(Q) in QCD calculations. Nonextensivity of hadronic systems, which
is reflected in the strong coupling constant, certainly creates interesting effects especially in
statistical features of QCD problems, like calculating parton distribution functions (PDFs),
jet evolution, spin statistics and many other research interests in the field.
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